We use the compactified twistor correspondence for the (2 + 1)-dimensional integrable chiral model to prove a conjecture of Ward. In particular, we construct the correspondence space of a compactified twistor fibration and use it to prove that the second Chern numbers of the holomorphic vector bundles, corresponding to the uniton solutions of the integrable chiral model, equal the third homotopy classes of the restricted extended solutions of the unitons. Therefore we deduce that the total energy of a time-dependent uniton is proportional to the second Chern number. *
where the gauge potential A and the Higgs field Φ are determined up to gauge transformations
holomorphic vector bundles over T P 1 . To discuss this class of solutions, one needs to consider a Lax formulation of (1.1).
The integrability of the Ward chiral model can be realised from the fact that it is the compatibility condition for a system of overdetermined linear equations, the so-called where D x := ∂ x +A x is the covariant derivative with respect to the gauge field A x , similarly for D y and D t , and Ψ is a GL(N, C)-valued function of the spacetime coordinates (x, y, t) and a complex parameter λ ∈ CP 1 . The YMH system (1.2) arises as the compatibility
The gauge freedom of (1.2) allows us to choose the gauge (1.3), in which the Ward chiral model becomes the compatibility condition for the Lax pair (1.4) . That is, if the map J in (1.3) is a solution of (1.1), then the overdetermined system (1.4) admits a matrix solution Ψ(x, y, t, λ) which satisfies the unitary reality condition Ψ(x, y, t, λ) * Ψ(x, y, t, λ) = I, (1.5) where I is the identity matrix. On the other hand, a solution Ψ of (1.4) which satisfies (1.5) gives rise to a solution of (1.1) via J(x, y, t) = Ψ −1 (x, y, t, 0), (1.6) and all solutions of (1.1) can be constructed in this way. (See, for example, [11] .) The matrix solution Ψ is called an extended solutions. The sufficient conditions for the holomorphic vector bundles corresponding to Ward chiral fields to extend to T P 1 , was first discussed by Ward in [22] . In addition to the finite energy condition, ensured by the boundary condition (valid for all t) J = J 0 + J 1 (ϕ)r −1 + O(r −2 ) as r −→ ∞, x + iy = re iϕ , (1.7)
one also needs a global boundary condition on the extended solution Ψ of the Lax pair (1.4) . Recall that Ψ(x, y, t, λ) is defined on R 2,1 × CP 1 . Let ψ be the restriction of the map Ψ to the spacelike t = 0 plane and the real equator S 1 ⊂ CP 1 of the space of spectral parameter λ, i.e.
ψ(x, y, θ) := Ψ x, y, 0, − cot θ 2 , (1.8)
where we have made change of variable for real λ = − cot θ 2
. Then the global boundary condition, the so-called "trivial scattering" boundary condition 1 , is given by ψ(x, y, θ) −→ ψ 0 (θ) as r = x 2 + y 2 −→ ∞, (1.9) where ψ 0 (θ) is a U(N)-valued function on S 1 .
It was described in [22] , particularly for the gauge group SU (2) , that the class of Ward chiral fields, for which the corresponding vector bundles E extend to T P 1 , are those which satisfy the boundary conditions (1.7) and (1.9) . This was then formulated as a correspondence by Anand for a general gauge group U(N). The compactified minitwistor space T P 1 was defined in [20] to be the fibrewise compactification of T P 1 where each Cfibre becomes a copy of CP 1 . One can also think of T P 1 as a cone in CP 3 with blown-up vertex.
Ward-Anand correspondence [22, 2] There is a one-to-one correspondence between (i) Real-analytic solutions J : R 2,1 → U(N) of the Ward chiral model (1.1) which satisfy the boundary conditions (1.7) and (1.9), and
(ii) Holomorphic rank-N vector bundles E over the compactified minitwistor space T P 1 , such that E satisfies certain reality conditions and when restricted to real sections and to the fibres of T P 1 over the real equator S 1 ⊂ CP 1 of the base, E is trivial with a fixed framing.
The holomorphic vector bundle E → T P 1 , which now fibres over a compact manifold, has Chern numbers as topological invariants. The fact that the bundle is trivial when restricted to real sections implies that the first Chern number vanishes. The next nontrivial invariant is the second Chern number. On the other hand, the finite energy Ward chiral fields which satisfy the trivial scattering condition admit a well defined topological degree, associated with their extended solutions. The boundary conditions (1.7) and (1.9) enables ψ to extend to the suspension SS 2 = S 3 of S 2 . (See [7] .) The restricted extended solutions ψ, now as maps from S 3 to U(N), are classified by the third homotopy class [4] [ψ] = 1 24π 2
1 The restricted extended solution ψ satisfies (u µ D µ − Φ)ψ = 0, where the operator anihilating ψ is the spatial part of the Lax pair (1.4), given by
The trivial scattering condition (1.9) implies that the differential operator u µ D µ − Φ has trivial monodromy along the compactification S 1 of a straight line (x, y) = (x 0 − σ cos θ, y 0 − σ sin θ), σ ∈ R.
which is an integer taking values in π 3 (U(N)) = Z and invariant under continuous deformations of ψ.
The identification between the topological degree of the extended solutions and the second Chern number of the corresponding vector bundles was stated in both [22] and [3] , however the proof was not presented. This conjecture is supported by the works in [1, 7] . In [1] , Anand showed that the energy of a static solution of the U(N) Ward chiral model is proportional to the second Chern number of the corresponding vector bundle. Later in [7] , a class of Ward chiral fields called time-dependent unitons, which includes the static solutions, was shown to have their total energy proportional to the third homotopy class of the extended solutions. This explains an observation of discrete total energy of time-dependent unitons in [13] . It also gives the identification between the third homotopy class of the extended solutions and the second Chern number of the holomorphic vector bundles for finite energy static Ward chiral fields.
The time-dependent unitons form a class of solutions which satisfy the boundary conditions (1.7) and (1.9). These are soliton solutions for which the extended solutions have a pole of arbitrary order multiplicity in the complex plane of the spectral parameter λ. In [5] , Dai and Terng have demonstrated that an extended solution satisfying the trivial scattering condition has poles at non-real points µ 1 , ..., µ r , with multiplicities n 1 , ..., n r , and is a product of r N ×N matrices, called simple elements. The identification of the two topological invariant is valid for any such solutions. However, only the time-dependent unitons, where r = 1, have their energy directly proportional to the third homotopy class [ψ] .
The main result in this paper is the following theorem. 
where F is the curvature two-form of an arbitrary connection on E, and [ψ] be the third homotopy class of the restricted extended solution, defined in (1.10).
Our proof of Theorem 1.1 is based on the existence of a double fibration from a space we shall call the restricted correspondence space F , to a compactification of a real and one of the target spaces is the cone C instead of T P 1 . Here we explore a double fibration where the correspondence space is a blow up of the singular variety, which fibres over M C and T P 1 . Then we define the restricted correspondence space which fibres over an RP 2 , regarded as a compactification of a spacelike plane R 2 ⊂ R 2,1 , and show that it admits a surjective map to T P 1 . Finally we give a proof of Theorem 1.1 in Section 4.
Compactified minitwistor space
The twistor geometry for (2 + 1) dimensional flat spacetime and its use to construct the YMH fields in R 2,1 was introduced in [19] . The minitwistor space can be thought of as the space of null planes in C 3 , considered as a complexification of R 2,1 . Let (x, y, t) be complex coordinates on the complexified spacetime
where ω ∈ C and λ ∈ CP 1 are complex parameters.
Thus the space of null planes is a 2-dimensional complex manifold, which is actually the holomorphic tangent bundle of the Riemann sphere CP 1 . Hence, we denote the minitwistor space by T P 1 , with ω and λ as fibre and base coordinates, respectively. See Appendix A for details. (The minitwistor space T P 1 was used to construct static YMH monopoles on Euclidean space R 3 [10] .)
Another picture of the minitwistor space was given in [20, 22] as a cone minus its vertex in a complex 3-dimensional projective space. The cone picture proves to be convenient in the study of the compactified double fibrations, which will be essential to our proof of Theorem 1.1. Therefore in this section, we shall start with a detailed explanation of how to identify T P 1 with a cone C, without the vertex. Then we shall discuss the correspondence between points in spacetime M C and points on the cone C. This will lead to a natural compactification of spacetime, M C = CP 3 , and the identification of the blow up of the cone C with the compactified minitwistor space T P 1 .
Let us first define the cone C.
coordinates of a complex projective 3-space, denoted by
Note our convention of one minus sign. The vertex is the point
To see that there is a bijection between C − {z 0 } and T P 1 , note that for any point on the cone except the vertex, one can parametrise
as follows. Let
Then equation (2.12) , which is the same as −4 det(Z AB ) = 0, implies that rank (Z AB ) = 1.
where π A ∈ C 2 − {0}. In other words, one can parametrise solutions of (2.12) with ,λ := π 1 π 0 . In the overlap, the inhomogeneous coordinates are related byλ = 1 λ andω = ω λ 2 . This gives the equivalence between C − {z 0 } and T P 1 . That is, there exists a bijection from T P 1 to C − {z 0 } given locally in the two patches by
In fact, (2.15) gives a biholomorphism between T P 1 and C − {z 0 } ⊂ CP 3 * .
Let us now describe the correspondence between the complexified spacetime M C = C 3 and the minitwistor space in the cone picture. For convenience, let us think of M C as embedded in a CP 3 . Let P α = (P 0 , P 1 , P 2 , P 3 ) ∈ C 4 − {0} be homogeneous coordinates on the CP 3 and take the open set P 0 = 0 to be our spacetime M C . A plane in CP 3 is defined to be the projection of a 3-dimensional subspace of the associated C 4 , given by
Note again our convention of one minus sign. Each plane is thus labelled by Z α ∈ C 4 − {0}
up to a constant multiplication. That is, the space of planes in CP 3 is another complex projective 3-space, which we shall denote CP 3 * . Then in this setting, 2-planes in M C are the C 2 -intersections of planes in CP 3 with M C .
This picture suggests a natural compactification of the spacetime
One can think of M C as M C + CP 2 , where CP 2 is the complement region P 0 = 0. Let
be coordinates on M C . Then, one can interpret the complement CP 2 as the infinity boundary, which will be denoted by CP 2 ∞ . To make contact with a real setting, note that since
with the points on S 1 orbits identified.
Let us now show that null planes in M C give rise to null planes in M C , as defined in Appendix A. Since in M C , P 0 = 0, one can divide (2.16) by P 0 and use the coordinates (2.17). By substituting in the first parametrisation of (2.14) for Z α , equation (2.16) becomes the null plane equation (2.11)
Note that the parametrisation (2.14) is only valid for the points on C − {z 0 }. 
Lemma 2.3
There is a one-to-one correspondence between points on the cone minus the vertex, C − {z 0 } ⊂ CP 3 * , and null planes in
corresponds to the infinity boundary CP 
On the other hand, there is a one-to-one correspondence between points in
Hence we have that each point in M C corresponds to a conic section on C − {z 0 }. For a point on CP 2 ∞ , with P 0 = 0 the corresponding plane in CP 3 * is given by
Equation ( . Equation (2.18) becomes
This is a quadratic equation for λ. Since ω (corresponding to Z 0 ) is arbitrary, it implies that a conic section corresponding to a point on CP 2 ∞ consists of two C-lines of constant λ, whose values are given by the two roots of (2.19) counting multiplicity. In the limit where ω approaches infinity, the two lines meet at z 0 .
✷
The cone C is however not equivalent to the compactified minitwistor space defined in [20] . The compact space T P 1 is defined to be the fibrewise compactification of T P 1 ,
where each fibre is extended from C to CP 1 . This can be regarded as adding a CP 1 at ω = ∞. We shall denote the additional CP 1 by L ∞ . In the cone picture, the compactified minitwistor space is the cone C with the vertex blown up to a CP 1 .
Proposition 2.4
There exists a bijection from T P 1 to the blow-up C of the cone C ⊂ CP 
4). Let
z ∈ T P 1 corresponds to a null plane Z ⊂ M C . Then, one defines a holomorphic rank N vector bundle over T P 1 by taking the fibre over each point z ∈ T P 1 to be the space of covariantly constant sections of V | Z .
The Ward chiral fields in R 2,1 then correspond to such holomorphic vector bundles with reality conditions. This is described in details in [20] , where patching matrices of E → T P 1 are given explicitly for static SU(2) 1-uniton solutions. It was explained then how the patching matrices extend to T P 1 , thus defining the bundle E → T P 1 . This was generalised to the Ward-Anand correspondence [2] .
The Correspondence spaces
The main aim of this paper is to prove Theorem 1.1, which identifies the second Chern number of the holomorphic vector bundle E over the minitwistor space T P 1 and the third homotopy class of the restricted extended solution ψ to the Lax pair (1.4)
In the holomorphic setting, the extended solution Ψ(x, y, t, λ) is a function on the correspondence space F = C 3 × CP 1 of a double fibration over the spacetime M C = C 3 and the minitwistor space T P 1 . Then ψ is the restriction of Ψ to certain real slice R 2 ⊂ R 2,1 ⊂ C 3 and the real equator S 1 ⊂ CP 1 of the space of spectral parameter λ. To relate the topological invariants on T P 1 and that of ψ, one could think of pulling back the bundle over T P 1 to F. However, as we cannot find a required surjective map from F to T P 1 , we construct another correspondence space, adapted to the compactified setting, which is the blown up version of that presented in [1, 2] . Then we consider the restriction of the correspondence space to some real and 't = 0' slice.
Compactified double fibration
Recall that the correspondence space in the non-compact double fibration is the space of pairs of a spacetime point in C 3 and a null plane on which the point lies, where the null plane corresponds to a point on the minitwistor space T P 1 . Hence F is a subset of
where (x, y, t) are coordinates of a point p ∈ C 3 and (ω, λ) are local coordinates of a point z ∈ T P 1 . Given (x, y, t) ∈ C 3 and λ ∈ CP 1 , ω is determined uniquely by the incidence relation, and hence F is biholomorphic to C 3 × CP 1 .
For the compactified case, consider a singular algebraic variety in
This is effectively a subset of CP 3 × C which consists of pairs of a point p ∈ CP 3 and a point z ∈ C corresponding to a null plane passing through p. Equivalently, it is the set of pairs of a point z ∈ C and a point p ∈ CP 3 that corresponds to a plane in CP 3 * passing through z. Hence,f has a natural double fibration
is a CP 2 , and z 0 corresponds to CP 2 ∞ . This is the double fibration discussed in [1, 2] . In the double fibration (3.21), every point z ∈ C is on an equal footing: each point corresponds to a CP 2 plane, including z 0 . This is not the case if one were to consider a similar fibration to T P 1 .
Proof. First, note that since the finite points on M C are holomorphic sections (2.11) 
✷
We shall now present a double fibration which fibres over the compactified minitwistor space T P 1 , where each point of T P 1 has an equal footing, i.e. a point on L ∞ is also a CP 2 . This is achieved simply by defining the correspondence space to be the blow-up off along its singularity. The singularity off comes from the conic singularity z 0 ∈ C, which corresponds to CP
That is, we define the correspondence spaceF of a double fibration to the compactified spacetime M C = CP 3 and the compactified twistor space T P 1 ∼ = C aŝ The details of the blow up are given in Appendix C.
There exists a projection ρ :F −→f such that, away from CP 2 ∞ × {z 0 }, ρ is a one-toone and onto. We find that the preimage of CP
where L ∞ ∈ C is the blow up of z 0 . Let us denote the preimage by e := CP
We define a surjective map q :F −→ C by its action on two disjoint regions. First, define
such that it is equivalent to the compositionq • ρ, whereq :f − CP 2 ∞ × {z 0 } −→ C − {z 0 } is the fibration in (3.21). Then, define
to be the right projection. Thus, by definition, q is onto.
Therefore, we have a double fibration
where a finite spacetime point p ∈ M C ⊂ M C corresponds to a holomorphic section in T P 1 ⊂ T P 1 and a point p ∈ CP 2 ∞ corresponds to the union of L ∞ and two C lines of constant λ (counting multiplicity). On the other hand, a point z ∈ T P 1 ⊂ T P 1 corresponds to a null plane in M C (extension of a null plane in M C ) and z ∈ L ∞ corresponds to CP 2 ∞ .
The restricted correspondence space
Recall that the topological degree of a Ward chiral field J, satisfying the trivial scattering condition, comes from the third homotopy class of the restricted extended solution ψ(x, y, θ). With this in mind we shall now define a 'restricted' correspondence space such that it gives rise to the domain of ψ. Consider a 'constant time' slice τ, which is the CP 2 ⊂ M C obtained by setting P 3 = 0.
It is clear that the intersection of τ with the noncompact spacetime M C = C 3 , where P 0 = 0, is the t = 0 C 2 -plane in the (x, y, t) coordinates (2.17). We will also consider the 'real slice' RP 3 ⊂ M C , which consists of the points [P α ] whose homogeneous representatives can be chosen to be in R 4 − {0}. Since we write the line element on M C as
, the finite part of this RP 3 is an R 2,1 . Then, the RP 2 intersection, denoted by τ R , of τ with this RP 3 can be thought of as the extension of the t = 0 R 2 -plane to the compactified space.
We define the restricted correspondence space F to be the restriction ofF to τ R . This means that away from the singularity, F is the same as the algebraic variety
minus its singularity. The singularity of f consists of the points
such that P 0 = 0. Since P 3 = 0, this is an RP 1 ⊂ CP 2 ∞ , which will be denoted by RP 1 ∞ . Under the usual projection map ρ : F → f, the preimage of the singularity RP
It is not immediate that the map q defined by (3.22), (3.23) is still onto T P 1 ∼ = C when the domain of q is restricted to F . However, this turns out to be the case. is surjective.
Proof. First, it follows readily from (3.23) that
is onto as a right projection. However, it is not obvious that
is also surjective. The map (3.26) is equivalent to the restriction of the mapq in (3.21)
Therefore, the question whether q| F −eτ R is onto comes down to whether, given a point [Z α ] ∈ C − {z 0 }, one can find a point in τ R which lies on the corresponding null plane. In other words, whether all null planes in M C = CP 3 intersect τ R . If this is the case, then we can always find a (non-empty) preimage of every point in C − {z 0 } under (3.27), which implies that (3.27) is onto, and hence so are (3.26) and (3.25).
The intersection of a null plane in CP 3 with τ R consists of points [P α ] ∈ RP 3 with P 3 = 0 satisfying 
✷
What is crucial to our proof of Theorem 1.1 is that now we have a surjective map (3.25), which can be used to pull back the holomorphic vector bundle over C to F . We note here that the map q| F is not one-to-one everywhere on F . The preimage of a point z ∈ L ∞ ⊂ C is the RP 1 ∞ × {z}. Then C − L ∞ ∼ = C − {z 0 } can be divided into two disjoint regions. Let C R denote the set of points z := [Z α ] ∈ C − {z 0 } whose representatives can be chosen to be in R 4 − {0}. We shall call the planes corresponding to z ∈ C R real null planes. Note that a real null plane with (Z 1 , Z 2 , Z 3 ) = (0, 0, 0) corresponds to a null plane in R 2,1 . It can be shown that the preimage in F of a point z ∈ C R is an RP 1 . Finally, the map q| F is one-to-one and onto C−{z 0 }−C R . See Appendix D for details.
For the purpose of proving Theorem 1.1 in the next section, we shall spend the final part of this section describing F in 3 disjoint regions: First,
Then we divide the complement F − e τ R , which is identified with f − RP 1 ∞ × {z 0 }, into two regions:
• R = {(p, z) ∈ f : P 0 = 0, z = z 0 } : This is the finite part where p ∈ R 2 ⊂ τ R .
In fact since P 0 = 0, we have that (
That is, R can be parametrised by (
This indicates, as we expect, that there are CP 1 -worth of null planes passing through each point p.
• R ∞ = {(p, z) ∈ f : P 0 = 0, z = z 0 } : This region corresponds the extension of null planes to RP Remark. The constant time slice τ and the real slice RP 3 used to define τ R can be regarded as the sets of fixed points of a holomorphic involution and an anti-holomorphic involution, respectively, on the complexified spacetime M C . The maps induce the corresponding involutions on the minitwistor space T P 1 . For details, see Appendix E.
Chern numbers and topological degrees
For a Ward chiral field J satisfying the boundary conditions (1.7) and (1.9), the corresponding holomorphic vector bundle E → T P 1 is a complex vector bundle of rank N with the structure group U(N). Since T P 1 is a 2-dimensional complex manifold, the only non-vanishing Chern characters are the first and the second Chern characters, given by
where F is the curvature two-form of an arbitrary connection on E. (See for example [17] .)
The Chern number is an integer-valued topological invariant of E, obtained by integrating the Chern characters over the base space T P 1 . The condition that the bundle E is trivial when restricted to the real sections of T P 1 implies that the first Chern number vanishes. To relate the second Chern number
to the topological degree of the restricted extended solution ψ given by (1.10), we consider the bundle E * → F over the restricted correspondence space, defined by pulling back the bundle E → T P 1 by the map q : F → T P 1 in (3.25), i.e. E * := q * E.
An extended solution Ψ(x, y, t, λ) of the Lax pair (1.4) is a function on R 2,1 × CP 1 .
Restricting Ψ to the spacelike t = 0 plane, the matrix
is a function on the finite region R = R 2 × CP 1 of the the restricted correspondence space F . The trivial scattering condition (1.9) is that the restriction of ψ λ to the real equator S 1 ⊂ CP 1 of the space of spectral parameter λ has the limit at spatial infinity
). We can use a residual freedom in ψ so that ψ(x, y, θ) −→ I as r → ∞. The triviality of the vector bundle E → T P 1 over L ∞ guarantees that it is possible to choose the extended solution ψ λ such that
This ensures that ψ λ (x, y, λ) extends to the region R ∞ and e τ R of F .
Proof of Theorem 1.1
Let E * := q * E denote the pull back of the vector bundle E → T P 1 by the map q : F → T P 1 defined in (3.25). Then, the second Chern number c 2 (E) of E is given by
where we have used a property of integration of differential forms in (4.30), and that of the Chern characters in (4.31). Note that (4.30) is valid because the region where q is not a bijection is of codimension one, hence it does not contribute to the integral.
So now we reduce the problem to finding the second Chern number of E * → F . Let The second Chern number c 2 (E * ) is given by
where F is the curvature two-form of an arbitrary connection on E * . In the limit ε → 0, (4.32) becomes
Choose a connection one-form A such that A vanishes on F + . Then, we only need to consider the integral over F − . Now, since Tr(F ∧ F ) is closed, there exists a local three-form Y such that
Then by Stokes' Theorem
The only boundary of F − is the common boundary it has with F + . Hence ∂F − ⊂ F + ∩ F − . Now, let A + and A − denote the connection A in local trivialisations over F + and F − respectively. Then, over
since A + ≡ 0, and where g denotes the transition function of E * in the overlap.
Now the columns of ψ λ can be used as meromorphic frame fields over F − . Note that ψ λ is holomorphic and invertible in the overlap F + ∩ F − for sufficiently small ε, because ψ λ have poles only at non-real values of λ. In its own trivialisation, ψ λ takes the form of the identity matrix. Now over F + , choose a local frame field such that ψ λ takes the form ψ λ (x, y, λ) itself. In these local trivialisations, the transition function g is given by
Hence g = ψ λ . Therefore, in the overlap F + ∩ F − , the connection A − is given by
This implies that the curvature F − vanishes in F + ∩ F − and
Now, since over ∂F − ∩ (e τ R ∪ R ∞ ) the spacetime points p belong to RP 1 ∞ , the boundary condition (4.29) implies that
Then, since ∂F − = {(p, z) ∈ F : Im(λ) = 0}, i.e. λ ∈ S 1 ⊂ CP 1 , we have
where we have used the fact the ψ satisfies the trivial scattering condition, thus its domain extends to S 3 .
✷
Remark. Theorem 1.1 holds for any Ward chiral field which satisfies the finite energy condition (1.7) and the trivial scattering condition (1.9). A subclass of such solutions are the so-called time-dependent n-unitons, where the extended solutions Ψ(x, y, t, λ) have a pole of order n at λ = µ, where µ ∈ C\R. The total energy of a time-dependent uniton is known [7] to be directly proportional to [ψ] . Hence, we deduce that the total energy of a time-dependent uniton is proportional to c 2 (E), consistent with the result for statistic
Ward chiral fields in [1] .
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Appendix A Null planes in C 
is defined as a 2-plane whose normal vector is null with respect to the metric (A1). Hence, the equation for a null plane is given by
where is introduced for convenience, the reason for which will become apparent shortly. To parametrise null vector fields, it is useful to use the spinor formalism based on the identification
where T M C is the holomorphic tangent bundle of M C and S is a rank two vector bundle over M C . A tangent vector field k can be written as a symmetric two-spinor
It follows that a null vector field corresponds to a symmetric two-spinor of rank 1. That is, every null vector field is given by k AB = π A π B for π A = (0, 0), where π A , A = 0, 1, denotes the fibre coordinates of S. Now, writing the spacetime coordinates also as a symmetric two-spinor
Moreover, let us assume that π 1 = 0. Defining ω =ω/π
The null planes with π 1 = 0 can also be captured by (A4) by allowing λ to go to infinity. This implies that every null plane in C 3 is labelled by (ω, λ), where ω ∈ C and λ ∈ CP 1 .
The minitwistor space, which is the space of null planes in M C = C 3 , is therefore a line bundle over CP 1 . It is in fact the tangent bundle T P 1 of CP 1 . To see this, note that under the change of coordinate λ →λ = λ −1 , the fibre coordinate changes by ω →ω = ωλ −2 .
It follows from (A4) that a point p ∈ M C corresponds to a holomorphic sectionp of T P 1 . We can define the correspondence space F to be the space of pairs (p, Z), of a point p ∈ M C and a null plane Z passing through p. There is a CP 1 worth of null planes passing through each point p ∈ M C , and thus F = C 3 × CP 1 . Note that the two vector fields in the Lax pair (1.4)
span a null plane, as they annihilate ω = (t + y)λ 2 + 2xλ + (t − y). The minitwistor space T P 1 can therefore be regarded as the quotient space of C 3 × CP 1 by the distribution
Since the Ward chiral model (1.1) is the compatibility condition of the Lax pair (1.4), there exist N linearly independent column vector solutions of (1.4) if J in (1.3) is a solution of (1.1). These column vector solutions are the covariantly constant sections with respect to (A, Φ), of the trivial C N bundle V → M C restricted to null planes. One can construct a holomorphic rank N vector bundle over the minitwistor space T P 1 by taking the fibre over each point z ∈ T P 1 to be the space of covariantly constant sections of
where Z is the null plane corresponding to the point z ∈ T P 1 .
U
We define a bijection from T P 1 ∩ U 1 to C ∩ U 1 to be the extension of the map (B9) by the limit (B10). Comparing this with the local expression of C ∩ E ∩ U 1 obtained from (B6), and similarly for the other two neighbourhoods, one deduces that L ∞ is mapped onto the restricted exceptional divisor C ∩ E.
✷
Remark. Since every map is given in holomorphic coordinates, one deduces that T P 1 is biholomorphic to C.
Appendix C The correspondence space
We define the correspondence spaceF of a double fibration to the compactified spacetime M C = CP 3 and the compactified twistor space T P 1 ∼ = C to be the blow-up of the algebraic
The correspondence spaceF has the following properties. away from the singularity, the projection ρ :F −→f is a 1 : 1 and onto, we need to consider only three coordinate patches of CP 3 × CP 3 * that include the singularity, namely
Then, the blow-up off ⊂ CP 3 × CP 3 * is obtained by imposing the incidence relations in (3.20) . Note the lower index of U i , to be distinguished
First, consider the patch
where
is by definition (see for example [8] ) given by
where {l i } are homogeneous coordinates of the CP 3 . The projection ρ : (y, l) → y is bijective onto the region away from
, then l is arbitrary, and hence the preimage of
This shows thatF ∩Ê 1 is the subset of
given by (C4, C5). Now, given (p 2 , p 3 ), l 0 is uniquely determined from (l 1 , l 2 , l 3 ) by (C5).
This, together with (C4), defines a CP 1 ⊂ CP 3 given by In the other two patches U 2 = {Z 0 = 0, P 2 = 0} and U 3 = {Z 0 = 0, P 3 = 0}, the blow-up follows similarly. LetÊ =Ê 1 ∪Ê 2 ∪Ê 3 denotes the union of the exceptional divisors of U 1 , U 2 and U 3 . The blow-up is defined such that the coordinate patches glue naturally, therefore we conclude thatF ∩Ê = CP 
To see this, consider the incidence relation
, and the same holds for U 2 and U 3 . This is the same expression for the blow up of C along z 0 .
(P 0 , P 1 , P 2 , P 3 ) ∈ R 4 − {0} and P 3 = 0. Recall that a null plane in M C is defined to be a CP 2 given by
Then, every null plane in M C intersects τ R .
Proof of Proposition D1. Let us first consider the class of real null planes. Let RP 3 * be the subset of CP 3 * that consists of points [Z α ] whose representatives can be chosen to be in R 4 − {0}, and let C R be the intersection C ∩ RP 3 * . We call the planes corresponding to z ∈ C R real null planes. To see the intersection of real null planes with τ R , we first look at the real null planes with Z 0 = 0. Such a null plane is given by
with (z 1 , z 2 , z 3 ) all real. Since everything is real, given (z 1 , z 2 , z 3 ), P 0 is determined in terms of P can be chosen such thatω ∈ R, π A ∈ R 2 − {0}. We will now show that these planes intersect τ R in oriented lines which are the extension of straight lines in t = 0 R 2 -plane.
First, note that a finite real null plane corresponds to a null plane in R 2,1 given bŷ
where we use (x, y, t) in (2.17) as coordinates on R 2,1 . Using the diffeomorphism between
the null plane equation becomesω
Now, the intersection with τ R is obtained by restricting (D2) to the t = 0 R 2 -plane, which results inω = − sin θ x + cos θ y.
This is the equation for oriented lines in R 2 . Hence, we have that the space of finite real null planes (in spacetime RP 3 or CP 3 ) is the space of oriented lines in R 2 , which is S 1 × R. From (D3) we note that (ω, θ) and (−ω, θ + π) give the same unoriented line.
This means that the two orientations of a line correspond to a pair of null planes labelled
Now, let us consider non-real null planes, given by the points [Z α ] ∈ C − C R , and again first look at [Z α ] with Z 0 = 0. Such a null plane must have either z 1 or z 2 non real, or both. Writing z 1 = l + im and z 2 = k + in, the plane equation
There are two cases. If m = 0, then
and if n = 0, P 2 = −P 1 m n , and
In other words, each non-real null plane with Z 0 = 0 intersects τ R in a single point given by
for m = 0 and n = 0 respectively. Note that if m = 0 it follows that P 2 = 0 and if n = 0
Now consider non-real null planes with Z 0 = 0. First, note that since Z 0 = 0, both Z 1 , Z 2 must be non-zero, otherwise, for example if Z 2 = 0 the cone equation (Z 1 ) 2 − (Z 3 ) 2 = 0 implies that the plane labelled by [0, Z 1 , 0, Z 3 ] is a real null plane. Now, let us
For a non-real null plane, at least one of M or N must be non-zero. Suppose M = 0 then
There are 2 cases. 
, then the null planes are real null planes.
(ii) L = 0 : Then KP 2 = 0. If K = 0 we again have P 1 = 0 = P 2 . On the other hand K = 0 means Z 1 , Z 2 are pure imaginary, which implies that Z 3 is also pure imaginary. Thus the plane is a real null plane.
If we suppose L = 0 at the beginning, interchanging the roles of (L, M) and (K, N) yields the same result. Hence we conclude that each non-real null plane intersects τ R at a single point.
Therefore, every null plane in M C = CP 3 intersects τ R .
✷
Remark. 
Since the coefficients of P 1 and P 2 cannot be zero at the same time, we have one degree of freedom in (P 1 , P 2 ). Hence, the CP 1 intersects τ at a single point. For example if λ = 0, the intersection point is given by
Note that the map is 2 : 1 as λ and − 1 λ
give the same point in τ.
Now assume that [P 1 , P 2 ] ∈ τ R . From (D6), we need
to be real. Writing λ = l + im, the imaginary part of 
Appendix E Involution maps Time reversal
In the noncompact spacetime M C = C 3 with coordinates (x, y, t), we define the time reversal map as usual as σ : (x, y, t) −→ (x, y, −t).
The fixed points of (E1) are of course those with t = 0. The map (E1) induces a holomorphic involution on T P 1 via the null plane equation 
We now want to define a map σ (keeping the same name) acting on a point (ω, π A ) ∈ T P For the compact case, we want to extend the map (E1) to M C = CP 3 and define the corresponding involutions on the cone C ⊂ CP 3 * and its blow-up C ∼ = T P 1 . Recall our convention that the extension of t = 0 C 2 -plane to M C is τ = CP 2 defined by P 3 = 0, and (x, y, t) is given by (2.17) . Then the extension of (E1) to M C is σ : [P 0 , P 1 , P 2 ,
the set of fixed point is T S 1 ⊂ T P 1 .
There are unique extensions of (E6) to M C = CP 3 and CP 3 * , sending respectively. The cone C ⊂ CP 3 * is preserved by the map, with the vertex z 0 being another fixed point in addition to the set T S 1 .
The extension to the blow-up U of the neighbourhood U around z 0 is obtained similarly to the case of the time reversal, where the map is given locally by the complex conjugation of the coordinates of U . The involution ϕ maps the blow-up vertex
to itself, and the fixed points are those with [l i ] ∈ RP 2 ⊂ CP 2 . In the coordinate λ ∈ L ∞ , these are the points with real λ.
Finally, ϕ preserves the sections in T P 1 corresponding to [P α ] ∈ RP 3 . For finite-point sections it follows readily from (2.11). For the sections corresponding to the points at infinity, the pairs of lines of constant λ are determined by (2.19) . We see that for {P α } real, the two roots can either be both real or complex conjugates, and thus the pairs of lines are preserved by ϕ.
